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We investigate a laser model for a resonant system of photons and ion cluster-solvated rotating
water molecules in which ions in the cluster are identical and have very low, non-relativistic veloc-
ities and direction of motion parallel to a static electric field induced in a single direction. This
model combines Dicke superradiation with wave-particle interaction. As the result, we find that
the equations of motion of the system are expressed in terms of a conventional free electron laser
system. This result leads to a mechanism for dynamical coherence, induced by collective instability
in the wave-particle interaction.
The mechanisms behind coherence in physical systems
are mainly classified into two types. In the first type,
coherence is due to long-range order; in the second type,
it is due to the collective instability in a many-body sys-
tem with a long-range interaction. In laser physics, Dicke
superradiation belongs to the first type and the free elec-
tron laser (FEL) belongs to the second type[1–5]. In this
Letter, we present a new laser model that incorporates
both types of dynamical coherence mechanism from the
aspect of wave-particle interactions[6–10]. The ingredi-
ents of this system are photons, solvated ions and water
molecules.
In Ref.[11] the many-body system of electric dipoles of
water molecules that interact with the electromagnetic
field radiated from rotating water molecules was studied
using a quantum field theoretical approach based on an
analogy to an FEL[3, 4, 7–10, 12]. In simplified settings,
it was shown that, around an impurity that carries a
sizeable electric dipole and induces a static electric field
oriented in the z-direction, a permanent electric polariza-
tion of water molecules in the z-direction emerges in the
limit cycle of the system, due to the coherent and collec-
tive interaction of the water molecules with the selected
modes of the radiation field.
Using this result, in this Letter we consider an FEL-like
model for a cluster of solvated identical ions with very
low, non-relativistic velocities and a uniform direction
of motion. The electric dipoles of the water molecules
which solvate each moving ion behave as XY spins which
interact directly only with the transverse electromag-
netic field radiated from the rotating water molecules.
On the particle side of the wave-particle (i.e., radiation
field-particle) interactions, there are two kinds of ele-
ments: water molecules and ions around which the water
molecules are trapped by a Lennard-Jones potential.
In the FEL model[3–5, 7], each relativistic unbound
electron has the phase degree of freedom of its XY spin-
like direction on the x-y plane orthogonal to its direction
of motion (called the z-direction). Due to the presence of
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an undulator, that is, a transverse magnetic field created
by a periodic arrangement of magnets with alternating
poles, the unbound electrons are accelerated, producing
synchrotron radiation.
In our case, the variable corresponding to the phase
coordinate of an unbound electron is the phase θ of the
direction of the electric dipole vector ~d on the x-y plane
for each water molecule. Classically, we have
dx + idy = d0| sinϕ|eiθ , (1)
where ϕ is the zenith angle and d0 = 2ede with de ≈ 0.2
[A˚][13]; however, we consider it quantum mechanically.
Here, we assume that ions move along the z-axis with
velocity v ≪ c[26] and a static electric field ~E0 is induced
in the z-direction. Then, we can invoke the result of
Ref.[11], that is, the emergence of a permanent electric
polarization of the solvent and non-screening water[27]
in the z-direction.
This Letter is based on the assertion that, to a good ap-
proximation in our system, the radiation field exchanges
energy with water molecules only through the excitation
and de-excitation of water molecules between the two low-
est levels of the internal rotation of the hydrogen atoms of
each water molecule around its electric dipole axis. The
energy difference between these two levels is E, such that
E/(~c) ≈ 160 [cm−1][11, 13, 15]. To describe this res-
onant interaction, in the quantum mechanical regime,
we introduce the energy spin variables of the j-th wa-
ter molecule as [28]
ŝ1j =
1
2
[|e〉〈g|+ |g〉〈e|]j , (2)
ŝ2j =
1
2i
[|e〉〈g| − |g〉〈e|]j , (3)
ŝ3j =
1
2
[|e〉〈e| − |g〉〈g|]j , (4)
where |g〉j and |e〉j are, respectively, the low-lying en-
ergy ground state and the excitation energy state of the
j-th water molecule in the two-level approximation, and
the superscripts of the energy spins represent fictitious
dimensions[15, 16]. We introduce an electric dipole mo-
ment operator
~̂
dj for the j-th water molecule such that
2its third axis is the quantization axis of the rotating wa-
ter molecule. One of the off-diagonal matrix elements
(〈e|~̂d|g〉)j = (〈g|~̂d|e〉)j of the electric dipole moment op-
erator
~̂
dj of the j-th water molecule is given by[29]
d0
∫ 1
−1
d(cosϕ)
∫ 2pi
0
dθ(Y¯1,1(ϕ, θ)(~e1 sinϕ cos θ + ~e2 sinϕ sin θ + ~e3 cosϕ)jY0,0(ϕ, θ)) = d0
√
1
6
(−~e1 + i~e2)j . (5)
Then, the electric dipole moment operator can be repre-
sented as an off-diagonal matrix in the two-dimensional
energy state space:[17]
~̂
dj =
d˜0
2
(−~e1(2ŝ1)− ~e2(2ŝ2))j , (6)
where we define
d˜0 = d0
√
2
3
≈ 0.82 · d0 . (7)
The Hamiltonian for the interaction between ion-
solvated water and the transversal radiation vector field
~̂
A (i.e., the electromagnetic field in the radiation gauge)
can be written using the total relevant electric charge
current
~̂
j of the solvated ions and water molecules as
Ĥ
(p−i−w)
int = −
N∑
I=1
nI∑
i=0
~̂
A · ~̂jI,i , (8)
where the natural number nI is the number of water
molecules solvating the I-th ion and is observed to be
20 to 40[18–21]. The total relevant electric polarization
current
~̂
j is the sum of the ions’ electric charge currents
~̂
jI
and the 1,2-components of the water molecules’ electric
polarization currents
~˙̂
dI,i:
~̂
jI,0 =
~̂
jI , (9)
~̂
jI,i = (~e1
˙̂
d1 + ~e2
˙̂
d2)I,i (i 6= 0) , (10)
where the time derivative
~˙̂
dI,i is taken in the interaction
picture. In the interaction Hamiltonian Eq.(8), the odd-
parity operator
~̂
jI,i (i 6= 0) has only off-diagonal matrix
elements in the representation where the water molecule’s
free Hamiltonian in the two-level approximation E ŝ3I,i is
diagonal[15].
It is a crucial point that the photon-water molecule
part of Eq.(8) is the Dicke interaction Hamiltonian for
superradiance that works via the long-range order of elec-
tric dipoles in the system[1].
The characteristic length for the long-range order of
water molecules, that is, the coherence length (i.e., the
wavelength of a resonant photon), denoted by lc, is es-
timated to be the inverse of the wavenumber of a reso-
nant photon E/(~c). As E/(~c) ≈ 160 [cm−1], lc ≈ 63
[µm][13]. In our model, we assume that the x-y dimen-
sions of the system fall within this length lc.
In the semi-classical treatment, the generic form of
the Hamiltonian of the water molecule system relevant
to our mechanism consists of the rotational kinetic en-
ergy of water molecules with average moment of iner-
tia I(w) = 2mpd
2
g (where mp is the proton mass and
dg ≈ 0.82 [A˚])[13], the water solvation potential of ions
and the interaction Hamiltonian of water molecules with
the radiation field and the static electric field:
Ĥ(w) =
N∑
I=1
nI∑
i=1
1
2I(w)
L̂2I,i +
N∑
I=1
nI∑
i=1
v
(i−w)
I,i +
N∑
I=1
nI∑
i=1
v
(LJ)
I,i −
N∑
I=1
nI∑
i=1
{
~A · ~̂jI,i + ~E0 · ~dI,i
}
, (11)
where ~dI,i = (~e3)I,id0 and v
(i−w)
I,i is the screened Coulomb
potential between the I-th ion and the charges on a
water molecule. The Lennard-Jones potential v
(LJ)
I,i =
4ǫLJ [(σLJ/rI,i)
12 − (σLJ/rI,i)6] causes the I-th ion be
solvated by nI water molecules. It is a function of the
distance rI,i between the I-th ion and the i-th water
3molecule and is attractive for rI,i > σLJ and repulsive
for σLJ > rI,i, where σLJ is a very short distance of
the order of 1 [A˚][14]. When there is no external elec-
tromagnetic field, v
(i−w)
I,i determines the configuration of
electric dipoles of water molecules that are in contact
with an ion. The solvation potentials are translation-
ally invariant with respect to phase coordinates θI,i. It
is a significant point that, in our system, the bulk wa-
ter molecules that screen the charges of ions do not form
part of the laser mechanism, due to thermal noise that
prevents ordered motion.
Now, due to the FEL-like mechanism, the collective
and coherent behavior of the x-y phase coordinates of
water molecules follows. This mechanism consists of two
interlocked parts in a positive feedback cycle. The first
part is the long-range collective ordering of dipole vectors
of water molecules that solvate each ion moving along
the z-axis. As a consequence, the radiation from the
clusters of ordered rotating water molecules is almost
monochromatic and the time-dependent process of the
radiation field and order of water molecules approximates
a coherent wave amplified along the z-axis. These ap-
proximations are improved by positive feedback in the
second part of the mechanism: that is, the FEL-like
wave-particle interaction process where an exponential
instability of the fluctuation around the dynamic equilib-
rium state (i.e., our ready state) accompanies both the
magnification of the radiation intensity and the water
molecule’s XY -phase bunching that produces long-range
ordering[4, 22]. Finally, we will find that this positive
feedback cycle leads to laser radiation.
Under the assumption of monochromaticity of the ra-
diation, the details of the first part of the mechanism
are as follows. A part of the classical radiation field is a
transverse wave in the x-y plane, which can be written
as
Ax + iAy = A0e
−iφ0 , (12)
whereA0 is positive and real. The photon-water molecule
part of Ĥ
(p−i−w)
int can be written as
Ĥ
(p−w)
int = −
N∑
I=1
n∑
i=1
~A · (~e1 ˙̂d1 + ~e2 ˙̂d2)I,i (13)
in the representation in which the water molecule’s free
Hamiltonian is diagonalized by E ŝ3I,i. To approximate
this equation, we drop the I-dependence of the number
nI (I = 1, 2, . . . , N) and assume that the permanent po-
larization of the solvent water-molecule’s electric dipoles
in the z-direction, d
(ave)
0 , is uniform over all solvated-
ions. Due to this approximation, the expectation value
of Eq.(13) can be written using the density matrix ̺̂(w)
of the system of water molecules as
tr
[
Ĥ
(p−w)
int ̺̂(w)] ≈ N∑
I=1
A0ωc∆nd˜
(ave)
0
1
2
sin(θI + φ) , (14)
where we have introduced new phase variables θI (I =
1, 2, . . . , N), the shifted phase φ = φ0 + δ with δ = ωct
for resonance angular frequency ωc = c/lc, the rescaled
permanent polarization d˜
(ave)
0 = d
(ave)
0 d˜0/d0, and ∆n =
n− − n+ with n+ and n− referring to the numbers of
excited and ground state water molecules, respectively,
arithmetically averaged over all ions. Here, we assume
thermal equilibrium (i.e., the Boltzmann distribution).
Then, we obtain
∆n = n tanh
( E
kBT
)
, (15)
where E/kBT ≈ 0.12 at room temperature (T = 300 [K])
and ∆n ≈ 3.6 for n = 30.
In the following, we will derive Eq.(14). The basis of
the restricted Hilbert subspace of the water molecule’s
quantum pure states is the set of the symmetrized collec-
tive energy spin states[16] with respect to each solvated
ion:
|L,M〉 =
√
(L+M)!
n!(L−M)!
×
{
n∑
j=1
ŝ
(−)
j
}(L−M)
|(e, e, e . . . e)n〉 (16)
with ŝ
(−)
j = ŝ
1
j − iŝ2j . In the collective energy spin state
|L,M〉, L is an integer or half-integer n/2 andM is an in-
teger or half-integer ∆n/2 which runs over −L ≤M ≤ L.
Here, to symmetrize the quantum pure state basis of the
system of water molecules, which defines the coupling be-
tween water molecules and the radiation field, we have
used the fact that a photon wavelength of the order of lc
is much longer than the dimensions of the system of one
ion and its solvent water molecules, that is, of the order
of 1 [A˚][23].[16] With respect to the j-th water molecule,
the most general forms of the internal parts of the wave
functions ψ
(g)
j and ψ
(e)
j excited and de-excited, respec-
tively, from thermal equilibrium into a set of superradi-
ant states with M having been reduced to 0 by classical
radiation at the I-th ion are
ψ
(g)
j =
1√
2
{
|e〉jeiϑ1 − |g〉jeiϑ2
}
, (17)
ψ
(e)
j =
1√
2
{
|g〉je−iϑ1 + |e〉je−iϑ2
}
, (18)
where
ϑ2 − ϑ1 = θI + δ . (19)
Then we have
n∑
i=1
〈(~e1 ˙̂d1 + ~e2 ˙̂d2)I,i〉 ≈ ωc∆nd˜0 1
2
[
− 1
n
{
n∑
i=1
~e1,i
}
sin(θ + δ)
+
1
n
{
n∑
i=1
~e2,i
}
cos(θ + δ)
]
I
, (20)
4where we have used
1
n
n∑
i=1
~ek,I,i ≈ 1
n+
∑{
ψ(e)
}
I
~ek,I,i ≈ 1
n−
∑{
ψ(g)
}
I
~ek,I,i ,
k = 1, 2 . (21)
Eq.(20) leads to Eq.(14). As a significant point here,
Eq.(14) is due to purely quantum mechanical processes
and arises from the off-diagonal elements of the density
matrix (i.e., quantum coherence).
Now, after straightforward calculations, we find the
Schro¨dinger equations for superradiant ψ
(g)
j (~ek,I,j , for
k = 1, 2, is reduced to its arithmetic average over j due
to our restriction of the Hilbert space) in the interaction
picture:
i
2
ωc + iϑ˙1,I = − 1
2~
A0ωcd˜
(ave)
0 e
i(θI+φ) , (22)
i
2
ωc − iϑ˙2,I = − 1
2~
A0ωcd˜
(ave)
0 e
−i(θI+φ) (23)
under the two-level approximation with a fixed rotational
energy spectrum. These equations can be combined into
i~θ˙I = A0ωcd˜
(ave)
0 cos(θI + φ) . (24)
This equation allows the following pulse form radiation
solutions only.
θI = θ0 , (25)
−φ0 = ωct+ θ0 + π
2
+ nπ , (26)
where θ0 is time-independent and n is an integer.
As can be seen from this result, to treat the general ra-
diation solutions, we need to relax the rotational energy
spectrum of the water molecules in the two-level approx-
imation. To do this, by a classical mechanical procedure,
we change the rotational energy gap E as
I(w)ω2c
2
→ I
(w)(ωc + θ˙I)
2
2
(27)
in 〈Ĥ(w)〉 such that θ˙I ≪ ωc. According to this change,
we can write down the equations of motion of the en-
ergy spin system as the canonical equations of 〈Ĥ(w)〉
with respect to the variables θI and their canonical con-
jugates LI and start to describe the second part of the
FEL-like mechanism. (Note that the water molecule’s
ground state energy is −E/2.) Here, we take the origin
of the coordinate system to be near the center of the
system of radiators. Then, under the suppression of the
second time derivatives of the complex amplitude of the
ansatz[30]
(Ax + iAy)(r, t) = A(t)
ei(ct−r)/lc
r
, (28)
and the suppressions according to the assumptions
θ˙I ,
A˙
A
≪ ωc , (29)
the canonical equations of the phase coordinates and the
angular momenta of water molecules and the equation of
motion of the radiation field are
n
2
(
ωc + θ˙I
)
=
LI
I(w)
, (30)
L˙I = −A0ωc∆nd˜(ave)0
1
2
cos(θI + φ) , (31)
− iωc
r
˙˜Aeiδ = −
N∑
I=1
n∑
i=1
µc2j˜I,i (32)
with A˜ = rA0e
−iφ, a complexification of the electric
charge current density j˜ = jx + ijy, and µ ≈ µ0 be-
ing the magnetic permeability in water. The equation of
motion of Ax,y, Eq.(32), is equivalent to
A˙0 =
µc2N∆nd˜
(ave)
0
V
1
2
〈cos(θI + φ)〉I , (33)
φ˙ = −µc
2N∆nd˜
(ave)
0
A0V
1
2
〈sin(θI + φ)〉I , (34)
where V is the volume of the system. In order to facilitate
analysis, we introduce dimensionless variables:
A0 = A0
(
α
2β2
)1/3
, τ = t
(
αβ
2
)1/3
, (35)
where
α =
∆nωcd˜
(ave)
0
nI(w)
, β =
µc2N∆nd˜
(ave)
0
2V
. (36)
We denote the scaled time derivative by a prime. Then,
the set of equations of motion becomes
θ′′I = −2A0 cos(θI + φ) , (37)
A′0 = 〈cos(θI + φ)〉I , (38)
φ′ = − 1A0 〈sin(θI + φ)〉I , (39)
which is exactly the same as that of the conventional FEL
model as described in Ref.[12].
In this paragraph, we qualitatively explain the FEL-
like mechanism, following the discussion in Ref.[12].
When the radiation intensity is initially zero, since the
phase coordinates θI with respect to I are distributed
randomly and uniformly within 0 ≤ θI < 2π, the system
does not change over time. However, when the initial
values of A0 and φ satisfy the conditions 0 < A0 ≪ 1
and φ = 0, respectively, the ponderomotive potential
Φ = Φ(θ) for water molecules is subtly perturbed around
θ = 3π/2 due to a small bunching induced by the forces.
At this point, φ′ is positive and though −〈sin(θI+φ)〉I ≪
51 holds, since A0 ≪ 1 holds too, their ratio φ′ can be sig-
nificant. Then, the phase of the radiation field φ starts to
change and the total phase 〈θI〉I +φ starts to grow from
3π/2. Then, A′0 becomes positive. Due to this instability,
the periodic ponderomotive potential wells Φ deepen and
the bunched water molecules for solvated ions fall to the
bottom of Φ on the space of phase coordinate 0 ≤ θ < 2π.
Then, the rotational kinetic energy of water molecules is
transferred to Φ and this gives a positive feedback cycle:
this is the FEL-like mechanism.
Due to this mechanism, when the system reaches A0 ≈
1, the positive feedback loop is expected to close; the
system then enters the non-linear saturated regime. At
the same time, the coherent dynamics of the radiation
field and maximally bunched water molecules arises: the
quantum coherence of water molecules (i.e., the sum of
Eq.(20) over the system of N ions) is coupled over the
system of ion-solvated water, and the intensity of the
radiation field is magnified by a multiplicative factor of
the order of N4/3. As the conclusive formulae for this
regime, we obtain(
α
2β2
)
−1/3
= cA · ρ2/3 · P 1/3z , (40)
cA ≈ 2.6 · 10−22 [m3 · kg · s−2 · A−1] , (41)(
αβ
2
)
−1/3
= ct · ρ−1/3 · P−2/3z , (42)
ct ≈ 2.4 · 10−4 [m−1 · s] , (43)
where ρ = N/V is the ion number concentration in the
system and Pz = d
(ave)
0 /d0 is the permanent electric po-
larization of water molecules under the static electric field
E0,z. The first formula Eq.(40) refers to the value ofA0 at
the time when A0 ≈ 1, and the second formula Eq.(42)
refers to its gain time. Notably, both formulae do not
contain the ion velocity v. Here, according to the formu-
lae in Ref.[11], we obtain the dependence of Pz on E0,z
for a realistic value of E0,z[31]
Pz ≈ cP ·E0,z , (44)
cP ≈ 9.1 · 10−9 [m ·V−1] . (45)
Finally, we have to consider saturation effects. Our
system satisfies the condition
lb ≪ ls = (c− v) lg
v
, (46)
where lb and lg are the bunch and gain lengths, respec-
tively. In this case, the radiation emitted by a suffi-
ciently small bunch of water molecules could quickly es-
cape from it due to slippage; so saturation effects would
be reduced[24, 25]. In a dissipative system whose origi-
nal system is governed by the same equations of motion
(i.e., Eqs.(37) to (39)) as our system, it has been argued
that superradiation, avoiding saturation effects, can be
realized[24, 25]. However, in our system its growth rate
is too slow due to the largeness of the ratio of the slippage
distance ls to the bunch length lb; so this superradiance
scenario for the system of all ions has to be abandoned.
Now, we summarize the overall results.
In this Letter, we studied the model of a resonant sys-
tem of photons and ion cluster-solvated rotating water
molecules for the case where ions in the cluster have very
low, non-relativistic velocities and direction of motion
parallel to a static electric field induced in a single direc-
tion. The system of water molecules solvating an ion is
reduced to anXY energy spin system under the two-level
approximation in the rotational spectrum. By incorpo-
rating the mechanism of Dicke superradiation for each
ion, we found that the equations of motion of the XY
energy spin systems, over all ions, coupled to the radi-
ation field are expressed in terms of a conventional free
electron laser. This result leads to a dynamical coher-
ence mechanism, induced by collective instability in the
wave-particle interaction.
In the application of our result, a key earlier result
is Ref.[11], which shows the existence of a permanent
electric polarization Pz of water molecules under a strong
static electric field induced in one direction. This may
occur, for example, around an impurity that carries a
sizeable electric dipole. We use this earlier result for the
XY spin picture of water molecules. In conclusion, our
coherence mechanism has desirable properties when it is
applied to models of the cluster current of a large number
of ions solvated in water. As described earlier, this is
assumed to be under a strong static electric field induced
parallel to the ion current, with the dimensions of the
ion cluster falling within the coherence length (i.e., the
wavelength of a resonant photon) lc, and the condition
Eq.(29) must also be satisfied.
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